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r\] . Abstract 

We propose a decoding algorithm for the {u \ u + ?;)-construction that 
decodes up to half of the minimum distance of the linear code. We extend 
this algorithm for a class of matrix-product codes in two different ways. 
In some cases, one can decode beyond the error correction capability of 
the code. 
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^ ' 1 Introduction 

Q,' 

Matrix-product codes, [Ci ■ ■ ■ Cg] -A, were introduced by Blackmore and Norton 
in [1], they may also be seen as a generalization of the {u \ u + w)-construction. 
^ ' Advantages of this method are, first, that long codes can be created from old 

On , ones and, second, that the parameters or the codes are known under some 

^N ■ conditions [J [H [S] . Other generalizations include [3] and [5] . 

In [2] , a decoding algorithm for matrix- product codes with Ci D ■ ■ ■ D Cg was 
presented. In this work, we present an alternative to that algorithm, where we do 
not need to assume that the codes Ci , . . . , C^ are nested. In section 3, wc present 
the new algorithm for s ~ I = 2, {u \ u + w)-construction, the main assumption 
that we should consider is d2 > 2di, where di is the minimum distance of Ci, 
di ~ d{Ci). The new algorithm decodes up to half of the minimum distance. 
Furthermore, if di is odd and ^2 > 2di, we are able to decode beyond this 
J^ ' bound, obtaining just a codeword with a high probability. 

JH I From the algorithm in section [3] we derive two extensions for matrix-product 

codes defined using a non-singular by columns matrix A of arbitrary size s x I. 
The main difference between these two algorithms resides in the following fact: 
the algorithm is section 2] requires stronger assumptions (di > Idi , for all i) 
than the one in section [S] {di > idi, for all i), but it is computationally less 
intense. Both algorithms decode up to half of the designed minimum distance 
of the code [5], that is known to be sharp in several cases [U [2] (for intance 
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if Ci D • • • D Cs). If di odd and I even, we can decode beyond this bound 
obtaining a list of codewords that will contain just one codeword with a high 
probability. The algorithm in scction|3]does not become computationally intense 
for large s,l. 

2 Matrix-Product Codes 

A matrix-product code is a construction of a code from old ones. 

Definition 2.1. Let Ci, . . . , C, C F™ be linear codes of length m and a matrix 
A = (aij) e M{Fq, s X I), with s < I. The matrix-product code C = [Ci • • ■ Cg] ■ 
A is the set of all matrix-products [ci • ■ • c^] • A where Ci G Ci is an ?7i x 1 column 
vector Ci = (ci_i, . . . , Cm,i) for i = 1, . . . , s. Therefore, a typical codeword p is 

/ Ci^ifli^i H hCi.sfls^i ■•• CiaOi.; H \- Cl^sasj \ 

P- : ■.. : . (1) 

\ Cm,ia.l,l + ■ ■ ■ + Cm,sas,l •■• Crn,iai,l + ■ ■ ■ + Cm,s0.s,l ) 

The i-th column of any codeword is an element of the form X^i^i '^3,i^3 ^ ^o'j 
therefore reading the entries of the to x /-matrix above in column-major order, 
the codewords can be viewed as vectors of length ml^ 

' s ' \ 

^a,-ic„...,5]a,vcj eFf. (2) 

If Ci is an [to, fc^, d^] code then one has that \C\- ■ ■ C^ • A is a linear code 
over Fg with length Ira and dimension fc = fci -I- • • ■ + fcg if the matrix A has full 
rank and fc < fci + • • ■ + fc^ otherwise. 

Let us denote by Ri = (a^^i, . . . , aij) the element of F' consisting of the i-th 
row of A, for i = 1, . . . , s. We denote by Di the minimum distance of the code 
C/j. generated by (_Ri, . . . , i?^) in F' . In [S] the following lower bound for the 
minimum distance of the matrix-product code C is obtained, 

d{C) >dc^ mm{diDi,d2D2, . . . , dsD^}, (3) 

where di is the minimum distance of C^. If Ci, . . . , C^ are nested codes, Ci D 
• ■ • D Cs, the previous bound is sharp Pj. 

In [T], the following condition for the matrix A is introduced. 

Definition 2.2. [1] Let A be a s x / matrix and At be the matrix consisting of 
the first t rows of A. For 1 < ji < • • • < .7t < I, we denote by ^(ji, . . . ,jt) the 
t X t matrix consisting of the columns ji , . . . , jt of At . 

A matrix A is non-singular by columns if A{ji, . . . ,jt) is non-singular for 
each 1 < t < s and 1 < ji < ■ ■ • < jt < /. In particular, a non-singular by 
columns matrix A has full rank. 

Moreover, if A is non-singular by columns, the bound dc in ^ is 
d{C) >dc= min{/di, {I - l)d2, ...,{l-s + l)d,} 



and it is known to be sharp in several cases: it was shown in [T] that if A is 
non-singular by columns and triangular, (i.e. it is a column permutation of 
an upper triangular matrix), then the bound ([3|) for the minimum distance is 
sharp. Furthermore, if A is non-singular by columns and the codes Ci . . .Cs are 
nested, then this bound ([3]) is also sharp. 

A decoding algorithm for the matrix-product code C = [Ci ■ ■ ■ Cg] ■ A C F™', 
with A non-singular by columns and Ci Z) ■ ■ ■ D Cg was presented [5] , assuming 
that we have a decoding algorithm for Ci, for i = 1, . . . , s. We present in next 
section another decoding algorithm for a matrix- product code with s = I — 2. 

3 A decoding algorithm for the {u \ w+i;)-construction 

We consider a decoding algorithm for the (u \ u + f )-construction, that is, a 
matrix-product code with s = / = 2, C = [C1C2] • A with d2 > 2di and di > 3, 
where di = d{C'i) is the minimum distance of Ci. Let 

Note that C is the {u\u + w)-construction and that an equivalent code will be 
obtained with any matrix of rank 2. 

Let <i be the error-correction capability of Ci, ti = [^^^2~'"J — ^^ *^^^ ^^ 
di = 2ti + I a di is odd and di = 2ti -I- 2 if di is even. The minimum distance 
of C is d{C) = min{2(ii, 1^2} = 2di [4]. Thus the error correction capability of 
the code C is 

t 

We provide a decoding algorithm for the matrix-product code C, assuming 
that we have a decoding algorithm DCi for Ci which decodes up to ti errors, 
for j = 1,2. Let r = p + e he a received word where p € C and the error vector 
e verifies wt{e) < t. Note that a typical word p G C is [C1C2] • A = (ci, ci 4- C2), 
namely a received word r is r = (ri, 7-2) = (ci + ei,ci+ C2 + £2). 

Consider r2 — ri = ci + C2 -I- 62 — ci — ei = C2 -l~ (e2 — ei). We may decode 
r2 — ri using the decoding algorithm DC2 to obtain C2, since C2 G C2 and 
wt{e2 — ei) < ^2/2 because 

d-? 
wt{e2 — ei) < wt{ei) + wt{e2) ~ wt{e) < t < rfi < -r-. 

2) 2) 

Since we know C2 we may consider rj — r2 — C2 = ci + 62 and let rj^ = ^i = 

ci + ei. We claim that there exists ii € {1,2} such that wt{ei^) < ti: assume 

that such an i does not exist, then 

wt{e) = wt{ei) + wt{e2) > 2ti + 2, 

2") 

contradiction. Let wt(eij) < ii, then we can obtain ci by decoding r^ with the 
decoding algorithm DCi. A priori, we do not know which index zi is, however 
we will be able to detect it by checking that we have not corrected more than 
[(d(C) — 1)/2J errors in total. That is, forp = (ci,ci4-C2) andp' = (c'^, c'^ +C2), 
we check whether d{r,p) < t and d(r,p') < t. 



2di-l 


\ 2ti + l 


if di is odd 


[ 2 J 


if di is even 



Remark 3.1. Let us compare this decoding algorithm to the algorithm in [5]. 
In the algorithm in [5], we assume that Ci D C2 and for this algorithm we 
assume that 2di > d2- Comparing the complexity of the algorithms: In the 
algorithm in [5], we should run DCi and DC2 twice, in the worst case situation. 
For this algorithm, we run DCi twice and DC2 once. Both algorithms decode 
up to the error-correction capability of the code. 

For di odd and d2 > 2di, the previous algorithm can also be used for cor- 
recting t + 1 = 2ti + 1 errors, that is, one more error than the error-correction 
capability of C. The algorithm outputs a list with one or two codewords, con- 
taining the sent word. Let us assume now that wt{e) < t -\- 1, again we may 
obtain C2 by decoding r2 — ri since wt{e2 — ei) < ^2 because 

do 
wt{e2 - ei) < wt{ei) + wt(e2) = wt(e) < i + 1 = 2ii + 1 = di < — . 

Again there will be an index ii G {1,2} such that wt{ei-^ ) < ti because otherwise 
wt{e) > 2ti + 2 > 2ii + 1. Hence, wc also decode r^^ using DCi. Let p = 
(ci, ci -I- C2) and p' = {c'i,c[ + C2) as above, d{p, r) < i -t- 1 and d{p' , r) > t -I- 1. 

• d{r,p) ^ wt{{ci +ei,ci + C2 + £2) - (ci,ci +C2)) = wt{e) <t+l. 

• d{r,p') = wt{{ci + ei,ci +C2 + 62) — {c'i,c'i + C2)) = wt{ci - c[ + ei,ci — 
c'l + 62) > 2di - wt{e) > 2(2ii + 1) - (2ii + 1) = 2ti + 1 = f + 1. 

If we have that d{p, r), d{p' ,r) < t + 1 wc output both codewords, in other case 
we output only p. Note that the probability of having two codewords in the 
output list is negligible, since d{r,p') = f + 1 if and only if d(ci,c'i) = di and 
for every Cj^i 7^ 0, with j = 1, . . . , m, i = 1, 2, one has that Cj^i = —{cj^i — c'- ,). 
We will consider in this article two different extensions of this algorithm for 
any s and Z, with s < I. Namely, for the particular case where s = I = 2, both 
extensions are equal. 

4 A decoding algorithm for Matrix-Product codes, 
first extension 

In this section we propose an extension of the algorithm in the previous section 
for matrix-product codes with any s < I, the algorithm in this section is less 
computationally intense than the algorithm in [2] for large s, /. In the following 
section we will propose another extension. Let C = [Ci ■ ■ ■ Cg] ■ Ahe a. matrix- 
product code, with di > Idi, for i = 2, . . . , s, and di > 3, where di = d{Ci) is 
the minimum distance of Ci. We also require that A is non-singular by columns. 
The error-correction capability of Ci is ti = [ '''""'" J > 1. From ^, one 
has that the designed minimum distance of C is d{C) > dc ~ min{Wi, (/ — 
l)d2, ...,(/ — s + l)di} = Idi. Hence, the designed error correction capability of 
the code C is 



t 



Idi - 1 



Hi + L^J if di is odd 
Iti + I — I if di is even. 



since di — 2ti + 1 if di is odd and di — 2ti + 2 if di is even. 



We provide a decoding algorithm for the matrix-product code C that de- 
codes up to half of its designed minimum distance, assuming that we have a 
decoding algorithm DCi for Ci which decodes up to ti errors, for i = 1, . . . , s. 
A codeword in C is an tti x / matrix which has the form p = [ci,...,Cs] • 
A = (X]^=i '^j.i'^ji • • • jX]i=i '^j.'Cj), where Cj £ Cj, for all j. We denote by 
Pi = X^fci ^j,i^3 S '^o' the z-th block of p, for i — 1, . . . , /. Suppose that p is 
sent and that we receive r = p + e, where e = (ei, 62, . . . , e/) is an error vector, 
an m X Z matrix, with weight wt(e) < t. 

Let i? be a matrix in Ai{¥q, Ix s), such that AB is the s x s-idcntity matrix. 
Such a matrix exists because A has rank s and it can be obtained by solving a 
linear system, but it is not unique if s < L Let Wi = (0, . . . , 0, 1, 0, . . . , 0)-^ € F^ 
be the vector that has all coordinates equal to zero, excepting the i-th coordinate 
that is equal to 1. For i G {2, . . . , s}, consider Vi = (wi,i, . . . , 'vi,i)'^ S Fi equal 

to Vi = Bwi. One has that pvi = '^n=iVj,iPj = c^, since pvi = pBwi — 
[ci, . . . , Cs]wi = Ci. Therefore 

III I 



rvi 



j=i j=i j=i j=i 



For i = 2, . . . , s, we can decode rvi with the decoding algorithm DCi to 
obtain q, since q G Ci and 




< ^u;i(ej) = wt{e) < t 



Wi -1 



< 



d«-l 



As we have already computed C2 , . . . , Cg we may consider now r[ ^ Vi — 
^. 2ai.jCj = ai^iCi -f e^, for i = 1,...,/. We claim that there exists i £ 
{1,...,/} such that w{ei) < ti because if wt{ei) > ti for all i then wt(e) > 
Iti + I > t. Therefore, we correct r^^/ai.i, . . . , r^/ai^j, with DCi and at least 
one of them gives ci as output. Note that ai^,; ^^ 0, for i = 1, . . . , / since A 
is non-singular by columns. We have / candidates for ci, Ci = DCi{r',/ai^i), 
for i = 1, . . . , /, we can detect which candidate is equal to ci by checking that 
we have not corrected more than [{d — 1)/2J errors in total, that is, we check 
whether d{r - [c*\ C2 . . . , c^] • A) < [{d - 1)/2J, for i = 1, . . . , I. 

The algorithm is outlined as a whole in procedural form in Algorithm [Ij 

Remark 4.1. Let us compare this decoding algorithm to the algorithm in [5]. 
In both algorithms we assume that A is non-singular by columns. For the 
algorithm in this section, we assume that Idi < di for all i = 2, . . . , s. In the 
algorithm in [2] , wc assume that Ci D • ■ • D C^ , therefore the bound in ([3|) is 
sharp. Hence, if Ci, . . . ,Cs arc nested, both algorithms decode up to half of 
the minimum distance of the matrix-product code. In the algorithm in [5], we 
run DCi (g) times, for i = 1, . . . , s, in the worst-case. However, the algorithm 
presented in this section, wc only run DCi once, for i = 2, . . . , s and wc run 
DCi I times. Hence the algorithm in [5] becomes computationally intense for 
large values of s, / but this algorithm does not. 

Wc can also consider this algorithm for correcting beyond the designed error- 
correction capability of C, if I is even, di is odd and di > Idi. Namely, the 



Algorithm 1 A decoding algorithm for C = [Ci • • • Cs] • A, first extension 
Input: Received word r = p + e witli c G C and wt{e) < d{C)/2, where 

di = d{Ci) with Idi < di and A full rank. Decoder Dd for code Q, 

i = l,...,s. 
Output: p. 



1 


r = r; 


2 


Find B, a right inverse of A {AB = /d); 


3 


for i = 2, . . . , s do 


4 


V = Be^; 


5 


c,^DC,{rv)- 


6 


end for 


7 


r = {ri- Ej=2 %MCj' ■ • • , n - E'=2 %,'Cj); 


8 


for i = 1, ... ,1 do 


9 


ci = i:'Ci(r,/ai,i); 


10 


if ci = "failure" then 


11 


Break the loop and consider next J in line |8j 


12 


end if 


13 


p= [ci---Cs\ -A; 


14 


if p € C and wt{r' - p) < [{d{C) - 1)/2J then 


15 


return p; 


16 


end if 


17 


end for 



designed error correction capability of C is Iti + [^J = Iti + {I — 2)/2 and we 
consider now an error vector with wt{e) < Iti + //2, that is, we are correcting 
1 error beyond the designed error correcting capability of C. We should just 
modify line [H] in Algorithm [1] to accept codewords p with wtir' —p)< Iti + 1/2 
and create a list with all the output codewords. 

Again, we can decode rvi with the decoding algorithm DCi to obtain Ci, 
since 

(' \ / / Id 

Y^vj^^e, < wt{e) <lti + ^= 2(2*1 + 1) < 2^1 < i' 

Moreover, there exists i £ {l,...,l} such that w{ei) < ti as well because if 
wt{ei) > ti for all i then wt{e) > Iti + I > Iti + 1/2. As before, we have 
I candidates for ci and at least one of them is ci, however now we cannot 
uniquely determine it: let p = [ci, . . . , c^] • A and p' = [c'j^, C2 . . . , c^] • A with 
ci j^ c'l, one has that d{p, r) < Iti + 1/2 and d{p' , r) > Iti + 1/2. 

• d{r,p) ^wt{e) < Iti +1/2. 

• d{r,p') = wt{ai^i{ci - c[) + ei,. . .,ai_i{ci - c[) + ei) > Idi - wt{e) > 
l{2ti + l) - {ltil/2) = lti+l/2. 

The algorithm outputs p and all the other codewords -obtained from the other 
I — 1 candidates- that are at distance at most Iti + I — 1 from r. As with 
8 = 1 — 2., the probability of having more than one codeword in the output list 
is negligible, since d{r,p') = Iti + 1/2 if and only if the bound in ^ is sharp. 



d{ci, c'l) = di and for every j = 1, . . . , to, i ~ 1, . . . ,1, with Cj^i ^ 0, one has 
that Bj^i = -ai,j(cja - c'^^^). 

Example 4.2. Consider the following linear codes over F3, 

• Ci the [26, 20, 4] cyclic code generated by fi^x^+x^ + 2x'^ + 2x^ 



- X 



X + z. 

• C2 the [26, 7, 14] cyclic code generated by /2 
2x" + .t13 + 2x^2 _,_ 3,11 _^ 2a;® + 2x'^ 



• C3 the [26, 3, 18] cychc code generated by fs = x'^^ + 2x'^'^ + x^^ + 2x^'^ + 
2x^^ + x" + x^^ + a-^'"^ + x" + x^" + 2x^ + x® + 2x*^ + 2x^ + x* + x^ + x^ + 1 . 

Let C = [C1C2C3] • ^, where A is the non-singular by columns matrix 




A 



We use decoder DCi for C^ , which decodes up to half the minimum distance, 
i.e., -DCi, DC2, DC3 decode up to ii = 1, ^2 = 6 and is = 8 errors, respectively. 
We have that dc = 3(ii = 12 and since A is triangular we have that the minimum 
distance of C is d{C) ~ dc ^ 12 and wc may correct up to t = 5 errors in a 
codeword of C. Note that 12 = 3di < ^2,^3. 

We consider now polynomial notation for codewords of Ci, for all i. Hence 
the codewords of length 23 in Ci are polynomials in Fg[x]/(x'^'^ — 1) and the 
words in C are elements in (Fq[x]/(x^^ — 1))'^. Note that C is a quasi-cyclic 
code. Let r = p + e be the received word, with codeword p = (0, 0, 0) and the 
error vector of weight t = 5 

e = (ei, 62, 63) = (1 + X, 2x2 + x^, 2x"). 

The matrix 

B = 




verifies that AB = Id^. Then V2 and 113 are the second and third columns 
of B respectively. Therefore rv2 ~ C2 + 2e\ +62 = 2 + 2x + 2x^ + x'' and 
r-W3 = C3 + ei -I- 62 -I- 63 = 1 -I- X -I- 2x2 -I- x^ -I- 2x". 

• We decode rv-i with DC^ and we obtain C3 = because wt{e\ -I- 62 -)- 63) < 
wt{e) = 5 < i2 = 6. 

• We decode rv2 with DC2 and we obtain C2 = because wt(2e\ -I- 62) < 
wt{e) = 5 < ^2 = 6. 

• Subtracting C2 and C3 from r ~ (ci + 61, Ci -|- C2 -|- 62, Ci -f 2c2 -|- C3 + 63) 
we get r' ~ (ci + 61, ci + 62,61 + 63). Moreover we know that either 
r[ =61+61 or 7-2 = 61 -t- 62 or r'^ = ci + 63 can be decoded with DCi, 
so we should decode these three words. The weight of r'^ is 1, since the 
minimum distance of Ci is 4 there is only one codeword at distance 1 of 
the zero-codeword, and thus 63 = 0. In the other two cases {r[ and rj) 



the weight is 2, thus the output of the decoding algorithm DCi in both 
cases is either zero if it is the only codeword at distance 2 (from r[ and r'2 
respectively) or "failure" if there is more than one codeword at distance 
2. 

5 A decoding algorithm for Matrix-Product codes, 
second extension 

In this section, we consider another extension of the algorithm in section |2] for 
arbitrary s < I. This algorithm imposes softer conditions (than the one in 
previous section) on the minimum distance of the constituent codes, however it 
can become computationally intense for large s or /. Let C = [Ci • • • Cg] ■ A be 
a matrix-product code, we shall assume that A is non-singular by columns and 
that di > idi, for i = 2, . . . , s, where di = d{Ci) is the minimum distance of Ci. 
The error-correction capability of Ci is i,; = L^^T^J- From ([3]), one has that 
the designed minimum distance of C is given by d{C) > dc — min{Wi, (/ — 
1)^2, ...,(/ — s -|- l)ds} and it is computed in the following lemma. 

Lemma 5.1. Let C = [Ci • • • C^] ■ A be a matrix-product code, with A non- 
singular by columns and di > idi, for i = 2,...,s. The designed minimum 
distance of C is dc = Idi . 

Proof. We claim that Idi < {I — i + l)di, for i = 2, . . . , s. Since idi < di, we 
have that i{l — i-\- l)di < {I — i + l)di. Hence, Idi < i{l — i + l)di < (Z — i -f l)di 
if and only ii I < i{l — i + 1). One has that 



i^ - I 



I <i{l -i + 1) ^=^ l{i - 1) > i^ - i ^=^ I > 

i — ± 

Thus, the claim holds since i < s < I. 
Finally, we have that 

dc ~ min{/(ii, (I — \)d2, ...,(/-- s + \)ds] = ld\. 



Hence, the designed error correction capability of the code C is 



D 



t = 



ldi-1 



Iti + I — I if di is even. 



Iti + [i^J if di is odd 



because di ~ 2ti + 1 if di is odd and di = 2ti + 2 if di is even. 

As in previous sections, we provide a decoding algorithm for the matrix- 
product code C, that decodes up to half of its designed minimum distance, 
assuming that we have a decoding algorithm DCi for Ci which decodes up to 
ti errors, for i = 1, . . . , s. A codeword in C is an to x Z matrix which has the 
form p = [ci ■ ■ ■ Cs] ■ A = (X)J^i aj,iCj, . . . , J2'j=i %,;Cj), where Cj e Cj, for all j. 
Suppose that p is sent and that we receive r = p -\- e, where e = (ei, 62, . . . , e/) 
is an error vector, an to x Z matrix, with weight wt{e) < t. 

In order to decode r, we compute Ci, for i = s, s — 1, . . . ,1, inductively. Then, 
after s iterations we compute phy p = [ci • • • Cs] • A. We will now show how c^ is 



obtained, assuming that we have already obtained Cg, Cs^i, ■ ■ ■ , Ci+i (for i = s, 
wc do not assume anything). Let r"^' = (X]j=i ^-i^i + ei, . . . , X)7=i '^hi'^j + £()■ 
Wc can obtain r"^' from r and c,, Cs_i, . . . , Q+i, since r^' = r and r*' = (rj^ — 

ai+i,iCi+i, ■■ -.r'l^ - ai+i,;Q+i) for i = s - 1, . . . , 1. 

Let Ai be the submatrix of A consisting of the first i rows of A. Note that 
As = A and Ai is an i x l-matrix that is non-singular by columns. Let v^^ G F' 
such that Av^'^ = Wi = (0, . . . ,0, 1)"^ S F' such a w'^ is not unique in general 
(it is only unique if i = s ~ I). For the sake of simplicity we will denote 
the coordinates of w'-' by u*^ = {vi, . . . ,vi). Note that u*^ is a solution of the 
corresponding linear system 

AiX = Wj (4) 

Since Ain = Wi, we have that [ci ■ ■ ■ Ci] ■ AiV^' = [ci • • ■ Ci]wi = Ci. Hence, 
fVyV = Q -f- X]i=i ''^j^j' i^ particular for i = s, wc have ru*' = c^ + X]i=i '^j^j- 
We may decode r'^w*^ with ZJCi to obtain Ci if ■i«t(^ ■ j^ f^jej) < di/2. Therefore, 
it is wise to consider a vector v'^' with low weight, that is with many coordinates 
equal to zero. 

We will consider a vector v^' with at least I — i coordinates equal to zero, i.e. 
of weight 'wt{v^^) < l — {l — i) = i. Let J = {ji, . . . ,ji} C {1, . . . ,1} with ^J = i, 
we claim that we can compute v^\ a solution of ^, such that Vj = for j ^ J. 
Let Aj be the i x i-submatrix of Ai given by Aj = (afej")fce{i,...,i} js J- Since A 
is non-singular by columns, one has that Aj is a full rank squared matrix. Let 
us consider the linear system 

Ajx = Wi, (5) 

where re G F' . The linear system © has a unique solution. Let Vj ~ {vi . . . ,vi), 

where Vj,, = Xk, for k = 1, . . . , i, and Vj = otherwise. Then, Vj is a solution 
of ([3]) of weight lower than or equal to i, and the claim holds. 

There are several choices for the set J c{l,. ..,/}. We will prove in Theorem 
15.21 that at least for one choice of J, we will obtain q by decoding r^^Vj with 
DCi. Therefore, in practice, we should consider (J vectors {vj}j^j, with 
J = {J C {!,...,/}: #J = i} and decode r^h'] with Dd. We will have, 
at most, (J different candidates for Ci and at least one of them will give Ci as 
output. 

In order to obtain Ci-i we should iterate this process for every candidate ob- 
tained for Ci. After considering the previous computations for i = s, s — 1,...,1, 
we may have several candidates for [ci, . . . , c^]. We can detect which candidate 
is equal to p by checking that we have not corrected more than [(d(C) — 1)/2J 
errors in total, that is, we check if d{r — [ci . . . , Cg] ■ A) < l{d{C) — 1)/2J . The 
algorithm can be seen in procedural form in Algorithmic] However, it remains 
to prove that, at least for one choice of the set J C {I, . . . ,1}, one will obtain 

a. 

Theorem 5.2. 

Let e with wt{e) < t. There exists J C {1, . . . ,1}, with # J — i, such that 
J2jeJ ^ti'^j) < di/2, for i = 1, . . . , s. 



Proof. Let v j ~ [vi, . . . ,vi) as before. We have that, 

wt Y^ VjCj <wt\YeA <Y^ wt{ej). 

The result claims that there exists J C {1, . . . ,1), with # J = i G {2, . . . , s}, 
such that '^jfzjwt{ej) < di/2. Let J' = { J C {1, . . . , ?} : #J = i}, and let 
us assume that the claim docs not hold. Wc consider every (J possible subset 
J C {1, ■ ■ ■ ,1} with i elements, then 

Moreover, since {^~_^ sets of J contain j. for j' G {1, . . . , /}, we have 

Which implies that 

therefore idi > d,;, contradiction. 

For i = 1, we have that J = {{1}, . . . , {/}}. Hence, we have that r^\j = 
Cj + Cj, for J = {j}. The result claims that there exists j £ {1, . . . , Z}, such that 
wt(ej) < di/2. Otherwise, wi(e) > Iti + I > t, which is a contradiction. D 

Remark 5.3. Let us compare this decoding algorithm to the algorithm in [2]. 
In the algorithm in [5] , we assume that Ci D ■■■ D Cs, A is non-singular by 
columns and in the worst-case we run DCi (^) times, for i = l,...,s. For 
the algorithm in this section, we assume that dt > idi for all i = 2, . . . , s, A 
is also non-singular but in the worst-case we run DCi YVi=i ( ) times. Thus, 
the algorithm presented in this section can become computationally intense for 
large values of s, /. If Ci, . . . , Cg are nested, both algorithms decode up to half 
of the minimum distance of the code, since the bound in ([3|) is sharp. 

As in previous sections, one can also consider this algorithm for correcting 
beyond the designed error-correction capability of C, if / is even, di is odd and 
di > idi. Namely, the designed error correction capability of C is Iti + [^^J = 
Iti + {I ~ 2)/2 and we consider now an error vector with wt{e) < Iti + 1/2, that 
is, we are correcting 1 error beyond the error correcting capability of C. We 
should just modify linel^of Algorithml^to accept codewords p with wt{r' ~p) < 
Iti + 1/2 and create a list with all the output codewords. 

We shall prove that, at least for one choice of the set J C {!,...,?}, one will 
again obtain q. 

Theorem 5.4. 

Let e with wt(e) < Iti + 1/2, with di odd, I even and di > idi. There exists 
J C {1, . . . ,1}, with #J — i, such that J^jej ^^(^j) < di/2, for i = 1, . . . , s. 
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Algorithm 2 A decoding algorithm for C = [Ci • • • Cs] • A, second extension 
Input: Received word r = p + e with c G C and wt{e) < d{C)/2. Where 

di = diCi) with idi < di and A a non-singular by columns matrix. Decoder 

DCi for code Ci, i = 1, . . . , s. 
Output: p. 



9: 
10: 
11: 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24: 
25 
26 
27: 



Candidates' = {[0 • • • 0]} (0 £ F^"); 
for i = s, s — 1, . . . , 2, 1 do 

Candidates = Candidates'; 

Candidates' = {}; 

for c = (ci, . . . , Cs) in Candidates do 

'^ = ('^1 - Ej'=j+i aj.iCj- ■ ■ • , r;' - EJ=^+l aj,/Cj); 
for J C {1, ... , /} with # J = i do 

Solve linear system Ajx = w^; 

u = (0,...,0); 

for fc = 1 . . . , i do 

end for 

if bi ~ "failure" then 

Break the loop and consider another J in line [5J 
end if 

Candidates' ~ Candidates' U {[0 • • • ObtCi+i ■ ■ ■ Cs]}', 
end for 
end for 
end for 

for c in Candidates' do 
p = [ci • • • Cs] • A; 
if p e C and wt{r - p) < [{d{C) - 1)/2J then 

RETURN: p; 
end if 
end for 



Proof. Let Vj={vi,..., vi) as before. We have that, 

wt ^Vjej <wt\^eA <^wt{ej). 
\j=i / \]<^J ) jeJ 

The result claims that there exists J C {1, . . . ,1}, with ^J = i E {2, . . . , s}, 
such that ^j^jwt{ej) < di/2. Let J = {J C {I, . . . ,1} : ij=J = i}, and let 

us assume that the claim does not hold. We consider every (') possible subsets 
J C {1, . . ■ , ^} with i elements, then 



EE-^(^.)^f!-)f- 



jejj&j 
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Moreover, since {^_i) sets of J contain j, for j £ {1, . . . , /}, we have 

I 



E E ^^(^^) = 5Z (! _ J) ^^(^^) =(!-!) "''(") -(!-!) ^^*^ 



J&JjeJ j=i 

Which imphcs that, 






therefore d^ < i{2ti + 1) = idi, contradiction. 

For i = 1, we have that J = {{I}, ■ ■ ■ , {I}}- Therefore, we have that r^^wj = 
Cj + Cj, for J = {j}- The result claims that there exist j G {1, . . . , /}, such that 
wt{ej) < di/2. Otherwise, wt{e) > Itl + 1 > Iti + 1/2, which is a contradiction. 

D 

This algorithm will output a list containing the sent word, however it cannot 
be uniquely determined: let p = [ci, . . . , Cg] • A and p' = [c[,C2 . ■ ■ , Cs] ■ A with 
ci ^ c'l, we claim that d{p, r) < Iti + 1/2 and d{p' , r) > Iti + 1/2. 

• d{r,p) = wt{e) < Iti +1/2. 

• d{r,p') = wt(ai,i(ci - c[) + ei,. . .,ai,;(ci - c[) + e;) > Idi - wt{e) > 
l{2ti + l) - {ltil/2) = lti+l/2. 

The algorithm outputs p and all the other codewords -obtained from the other 
candidates- that are at distance at most lti+l — 1 from r. As with s = I ^ 2, the 
probability of having more than one codeword in the output list is negligible, 
since d(r,p') = Iti + 1/2 if and only if the bound in ^ is sharp, d{ci,c'i) — di 
and for every j = 1, . . . , to, i ~ 1, . . . , Z, with Cj^i ^ 0, one has that Cjs = 
-ai,i(cjM -c^u)- 

Example 5.5. Consider the following linear codes over F3, 

• Ci the [26, 16,6] cyclic code generated by /i = x^^ + 2x' -f- 2x'^ + x^ + 
2x'^ + X + 2. 

• C2 the [26, 7, 14] cyclic code generated by /2 = x^^ + x^^ + x^'' + x^'' -t- 
2x" + x^^ + 2x^2 + x" + 2x^ + 2x'^ + x^ + x'^ + a-^ + 2. 

• C3 the [26, 3, 18] cychc code generated by h = x^'^ + 2x^2 + x'^^ + 2x^'^ + 
2x^^ -f x^'^ + x^^ + x^^ + .t13 + xi° + 2x^ + x** + 2x6 + 2x^ + x** + x^ + x^ + 1. 

Let C = [C1C2C3] • ^, where A is the non-singular by columns matrix 

A = 



1 


1 


1 





1 


2 


1 





1 



we consider again polynomial notation for C (see example I4.2p . We use decoder 
DCi for Ci, which decodes up to half the minimum distance, i.e., DC\, DC^., 
DC3 decode up to ti = 2. ^2 = 6 and ^3 = 8 errors, respectively. Note that 
2di = 12 < 14 = (i2 and 3di = 18 < 18 = ^3. We have that d{C) = dc = 3<ii = 
18. Therefore we may correct up to < = 8 errors in a codeword of C. 
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Let r = p + ehe the received word, with codeword p = (0,0,0) and the error 
vector of weight t ^ 8 

e= (61,62,63) = (1 + X + x'^ ,1 + 2x'^ + x'^ , x^ + 2x^^). 

We solve the system 




which has solution (2,2,2)^. Set r^' == r and W{J 2 3} == (2,2,2). Therefore 
r^^UrJ 2 31 ~ "^3 + 26i + 262 + 263. Since DC3 can correct up to 8 errors and 
wt{—ei — 62 — 63) = 8, we have 

Removing 63 in r^\ we obtain r'^' — {r^ — C3, . . . , r^ — 63) ~ r. Since there 
are 3 possible sets, {1, 2}, {1, 3}, {2, 3} C {1,2,3} , with 2 elements, we solve 
the corresponding systems of equations give by ^ : 

2 j( y j = ( 1 

I DUX' 

These systems have solution (0, 1)"^, (0, 2)^ and (2, 1)"^ respectively. There- 
fore, w^^a = (0,1:0),^?!3 = (0,0,2) andu2?3 = (0,2,1). Thus r^)^^! ^j =C2 + 62, 
r'^'vA 31 = 62+263 and r^'vr!^ 31 ~ C2+262+63. Since ^2 = 6 and wt{e2) = 3 < 6, 
wi(2e3) = 2 < 6 and wt{2e2 + 63) < wt{e2) + wt{e3) = 5 < 6, we have 

DC2{r^'>vf) - 62 = 0, for J = {1, 2}, {1, 3}, {2, 3}. 

Therefore, we only have one candidate for 62. Removing 62 in r^', we obtain 
r^^ = (^1 ~ 62, . . . , T; — 62) = r. Since there are 3 possible sets, {!}, {2}, {3} C 
{1,2,3}, with 1 element, we solve the corresponding systems of equations give 
by © . In this case the 3 systems of equations are 

( 1 )(x)=( 1 ). 

Thus, the solution is (1) and v.L = (1,0,0), v.L = (0,1,0) and v.L = 

(0,0,1). Thus f^^Vrji — ci + 61, r^'^v.L =61+62 and r^\',L == ci + 63. We 

consider DCiir^'lvy): we obtain "failure" for DCiir^^'vf^y) and DCi{r^^vf^^) 
since 61 and 62 have weight 3 and there is no codeword at distance 2 because 
Ci has minimum distance 6. One has that wt^e^) = 2 < ii, therefore 

DCi{r^K,ll^) ^ ci = 

Finally we get p = [616263] • A = (0, 0, 0). 
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